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Abstract
A linearly independent set of generalized cross-sections and their ratios is identified
to describe all the elements of the system matrices needed to evaluate transport
coefficients in dilute, field-free, gas mixtures with an arbitrary number of polyatomic
species. The cross-section ratios are also defined in terms of more customary collision
integrals and are related to a number of macroscopic observables. The practical
advantages of the proposed formulation when performing calculations of transport
coefficients for computationally-demanding flow simulations are discussed.
1 Introduction
The formal kinetic theory of dilute gas mixtures has a long history [1, 2].
This theory provides a unifying description of many transport and relaxation
phenomena in terms of generalized cross-sections that include all the details
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of binary encounters, appropriately averaged, in a dilute gas [3]. Hence, it is
in principle possible to evaluate the transport coefficients, specifically those
associated with the transport of mass, momentum and energy, from the in-
termolecular pair potentials between the species present in a given mixture.
Such calculations are important, not only in providing often the most accu-
rate available values of transport coefficients, but also in understanding the
fundamental processes that determine macroscopic transport phenomena.
For mixtures consisting entirely of monatomic species both the theory and
the calculational procedures are well advanced and direct calculations are
nowadays routine [1, 2, 4]. In developing the kinetic theory of monatomic
mixtures, it was found very useful to re-write the governing equations largely
in terms of ratios of generalized cross-sections, henceforth referred to as cross-
section ratios (or simply ratios), rather than in terms of generalized cross-
sections. It was observed that certain ratios, in particular that of the mass-
diffusion cross-section to the viscosity cross-section, are a very weak function
of temperature and are nearly species independent [4]. Hence, the formulation
of kinetic theory using cross-section ratios not only provided better physical
insight, but also allowed for the development of universal correlations [5, and
references therein].
For mixtures where one or more species are polyatomic the kinetic-theory ex-
pressions are more complex and involve a much larger number of cross-sections
than in the corresponding monatomic case. Theoretical expressions exist for an
N -component mixture, written either in terms of generalized cross-sections or,
more traditionally, in terms of collision integrals [6–8]. The complexity of the
resulting expressions, especially for the thermal conductivity and thermal dif-
fusivity, has led a number of researchers to propose alternative, approximate
expressions for the thermal conductivity [6, 8, 9] and the thermal diffusiv-
ity [10], corresponding to the expansion in the total-energy basis functions.
Comparisons of the available experimental data on thermal conductivity with
predictions based on, among others, total-energy expansions are presented in
[11]. ¿From a theoretical standpoint, the current state-of-the-art is that the
general expressions for all the transport coefficients have not been written in
terms of cross-section ratios, although some effort along these lines has been
made for the thermal conductivity of a polyatomic gas mixture [12, 13].
The lack of a unifying general formalism whereby transport coefficients are ex-
pressed in terms of cross-section ratios, analogous to what exists for monatomic
mixtures, is unsatisfactory both from the theoretical and from the practical
points of view. Theoretically, the cross-section ratios are attractive for several
reasons: For spherical interactions all the ratios have either a well-defined limit
or exhibit a weak dependence on the temperature and (more importantly) on
the potential surface. For non-spherical interactions the ratios offer an ideal
tool to assess the anisotropy of the potential and to intercompare different
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potential surfaces and hence different pair interactions [13].
In practical applications, such as chemical process design, natural-gas reser-
voir modelling or combustion studies, transport property coefficients need to
be evaluated routinely and accurately as part of computationally-demanding
flow simulations involving large numbers of species. It is thus of paramount
importance to evaluate transport coefficients, not only accurately, but also as
efficiently as possible. Transport coefficients are naturally expressed in terms
of generalized cross-sections relating to the laboratory frame of reference for
the collision partners [3]. However the cross-sections are most easily evalu-
ated in the centre-of-mass frame, where a smaller number of cross-sections is
sufficient to describe fully the interaction. Consequently, since the laboratory-
frame cross-sections are linearly interrelated, an important step to minimize
computational effort and reduce uncertainties is to identify a set of linearly
independent quantities in terms of which to evaluate all of the transport coef-
ficients. For this purpose it is even more desirable to use cross-section ratios.
These ratios can be expressed directly in terms of the generalized cross-sections
in the centre-of-mass frame, without requiring any additional mass ratios. In-
deed, when determining these ratios using collision calculations, they are best
evaluated in this frame to minimize cancellation errors.
The purpose of the present work is twofold: Firstly, by extending the previous
work [12, 13], to propose an appropriate set of linearly independent quanti-
ties, consisting mostly of cross-section ratios, with which to express all the
transport coefficients encountered in the kinetic theory of dilute polyatomic
gas mixtures. The advantages of the present formalism to study transport
properties are completeness, compactness, ease of comparison with the lim-
iting behaviour, e.g. spherical systems, and better physical insight. Secondly,
to express in terms of these quantities the shear viscosity, the volume viscos-
ity, the thermal conductivity and the transport coefficients related to thermal
and mass diffusion for an N -component mixture in the dilute-gas limit. For
simplicity, we restrict the discussion to a field-free environment and to the ki-
netic theory expressions obtained by solving the Wang-Chang Uhlenbeck (or
Waldmann-Snider) equations, in the so-called first-order approximation [3]. It
is important to stress that within the first-order approximation the derived
expressions are “exact.” Our theoretical results can, in principle, be extended
to include more complex effects, e.g. anisotropies resulting from higher-order
terms or from an external magnetic field. However, in many practical appli-
cations, first-order, field-free expressions are employed. This is especially true
for combustion studies where the current work has immediate applications.
In the following section we introduce our choice of generalized cross-sections
and cross-section ratios and express the transport coefficients in terms of them.
Section 3 links the basic cross-section ratios to generalized cross-sections and
to collision integrals, and also to observables. Section 4 contains a discussion
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of the relevance of the cross-section ratios and, as illustration, discusses how
the present formalism can help in optimising the calculation of transport co-
efficients in flow simulations.
2 Transport linear systems
In the framework of kinetic theory and the first-order Enskog–Chapman ex-
pansion, multi-component transport properties of dilute molecular gas mix-
tures can be evaluated from the solution of symmetric constrained singular
linear systems. These systems, henceforth referred to as transport linear sys-
tems (TLS), are derived from the integral equations satisfied by the perturbed
species-distribution-functions using a spectral Galerkin approximation based
on polynomial expansions: Laguerre–Sonine polynomials for translational de-
grees of freedom and the Wang-Chang Uhlenbeck polynomials for internal
degrees of freedom [1, 2, 14].
The mixture transport properties of interest here are the shear viscosity η, the
volume viscosity κ, the thermal conductivity λ, the thermal diffusion ratios
(χl)l∈S and the mass diffusion coefficients (Dkl)k,l∈S where S is the set of
species indices. These transport coefficients relate the transport fluxes, i.e.,
the species diffusion velocities (Vk)k∈S, the heat flux vector Q and the viscous
stress tensor T , to the macroscopic variable gradients as follows (see, e.g., [6]):
Vk = −
∑
l∈S
Dkl
(
∇xl + (xl − yl)∇ ln p+ χl∇ lnT
)
, k ∈ S , (1)
Q = − λ∇T + p
∑
l∈S
χlVl +
∑
l∈S
ρhlylVl , (2)
T = − (κ− 2
3
η)(∇·v)I − η
(
∇v + (∇v)t
)
, (3)
where (xl)l∈S are the species mole fractions, (yl)l∈S the species mass fractions,
p the pressure, T the temperature, ρ the mixture density, (hl)l∈S the species
specific enthalpies, v the hydrodynamic flow velocity and I the identity tensor.
For simplicity, we have written the diffusion driving forces assuming species-
independent external forces, e.g. that due to gravity.
A generic transport property, µ, can be evaluated from the solution αµ of the
TLS
Gµαµ = βµ , (4)
αµ ∈ Cµ , (5)
where Gµ is the system matrix, βµ a given vector, and Cµ a given vector space
(typically of codimension 0 if the matrix Gµ has full range or 1 if the matrix Gµ
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is singular). Owing to the use of polynomial expansions, the matrix Gµ admits
the block structure Gµ = (Gµ,γδkl ) where the indices γ,δ refer to the polynomial
expansion basis and the indices k,l to the species. The TLS matrix elements
are quadratic functions in the species mole fractions and can be expressed in
the form
Gµ,γδkk =
∑
l∈S
xkxlG
′µ,γδ
kl + x
2
kG
′′µ,γδ
kk , k ∈ S , (6)
Gµ,γδkl = xkxlG
′′µ,γδ
kl , k, l ∈ S , k 6= l , (7)
where the matrix elements G′µ,γδkl and G
′′µ,γδ
kl , k, l ∈ S, are functions of the
temperature and functionals of the intermolecular potentials.
Arising from the mathematical structure of the TLS [6, 15], cost-effective
algorithms have been developed with which to evaluate accurately multi-
component transport properties in gas mixtures with an arbitrary number
of polyatomic species (see, e.g., refs.[16–18] for a description of the algorithms
and their applications).
We have chosen to express the TLS considered here in terms of the following
quantities:
• Pure-species properties: for k ∈ S,
S(2000|k)kk , E
∗
k , W
∗
k . (8)
• Symmetric species-pair properties: for k, l ∈ S and k 6= l,
S
(1)
η |kl , A
∗
kl , B
∗
kl , C
∗
kl , E
∗
kl , W
∗
kl . (9)
• Non-symmetric species-pair properties: for k, l ∈ S and k 6= l,
E∗kkl , W
∗k
kl , R
∗k
kl , N
∗k
kl . (10)
The two cross-sections, S(1)η |kl
(
= 2 mk
mk+ml
S(1000|k)kl
)
and S(2000|k)kk, are
defined in ref. [3] and can be expressed in terms of macroscopic quantities, of-
ten experimentally accessible. Within the first-order approximation the cross-
section S(1)η |kl is related to the binary diffusion coefficient for the species pair
(k, l), k 6= l, in the form
Dkl =
k2BT
2
pckl
2
mk +ml
1
S
(1)
η |kl
, k, l ∈ S , k 6= l , (11)
where kB is the Boltzmann constant, ckl = (8kBT/(πmkl))
1
2 a reduced ve-
locity, mkl = mkml/(mk + ml) a reduced mass and mk the molecular mass
of the k-th species. The cross-section S(2000|k)kk is related to the first-order
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pure-species shear viscosity in the form
ηk =
kBT
ckk
1
S(2000|k)kk
, k ∈ S . (12)
The remaining quantities in eqs. (8–10) are cross-section ratios (designated by
a star superscript). They are defined in terms of cross-sections and collision
integrals in Section 3. The link with the macroscopic quantities introduced in
ref. [13] is also discussed there.
In the following sections, we use the quantities introduced in eqs. (8–10) to
rewrite the TLS given in ref. [6] to evaluate the multi-component transport
coefficients. We emphasise that the resulting expressions are exact within the
first-order kinetic theory approximations.
2.1 The shear viscosity
To evaluate the shear viscosity of the mixture, in the first-order approximation
one can consider the following matrix:
Hkk =
x2k
ηk
+
∑
l 6=k
2xkxl
ηkl
mkml
(mk +ml)2
(
5
3A∗kl
+
ml
mk
)
, (13)
Hkl =
2xkxl
ηkl
mkml
(mk +ml)2
(
−
5
3A∗kl
+ 1
)
, k 6= l , (14)
where, for k, l ∈ S, k 6= l, we have introduced the interaction viscosities [4, 19]
ηkl =
5mkl
3kBT
pDkl
A∗kl
. (15)
The matrix H is symmetric positive definite.
Letting αη be the unique solution to the system
Hαη = βη , (16)
with right-hand side βηk = xk, k ∈ S, the shear viscosity of the mixture is
evaluated as
η =
∑
k∈S
xkα
η
k . (17)
6
2.2 The volume viscosity
To evaluate the volume viscosity of the mixture, in the first-order approxi-
mation one can consider the matrix K with block structure K = (Kγδ), the
polynomial indices γ and δ taking values in {10, 01}. The matrix elements of
K can be expressed as follows:
K1010kk =
x2k
ηk
E∗k +
∑
l 6=k
xkxl
ηkl
mkml
(mk +ml)2
(
5
A∗kl
+
ml
mk
E∗totkl
)
, (18)
K1010kl =
xkxl
ηkl
mkml
(mk +ml)2
(
−
5
A∗kl
+ E∗totkl
)
, k 6= l , (19)
K1001kk = −
x2k
ηk
E∗k −
∑
l 6=k
xkxl
ηkl
ml
mk +ml
(E∗kkl + E
∗
kl) , (20)
K1001kl = −
xkxl
ηkl
ml
mk +ml
(E∗lkl + E
∗
kl) , k 6= l , (21)
K0101kk =
x2k
ηk
E∗k +
∑
l 6=k
xkxl
ηkl
E∗kkl , (22)
K0101kl =
xkxl
ηkl
E∗kl , k 6= l , (23)
where, for k, l ∈ S, k 6= l, we have set
E∗totkl = E
∗k
kl + 2E
∗
kl + E
∗l
kl . (24)
The matrix K is symmetric, positive semi-definite, with one-dimensional ker-
nel spanned by the vector V with components Vγk = 1 for γ ∈ {10, 01}. (Hence-
forth, it is implicitly understood that the elements with polynomial index 01
only concern species having internal degrees of freedom.)
Let βκ = (βκ,10, βκ,01) have components βκ,10k = (c
int/cv)xk and β
κ,01
k =
−(cintk /cv)xk where c
int =
∑
k∈S xkc
int
k is the internal heat capacity of the mix-
ture, cv =
3
2
kB + c
int the volume heat capacity of the mixture, and cintk is the
internal heat capacity of the k-th species. Let K = (K10,K01) have compo-
nents K10k =
3
2
kBxk and K
01
k = c
int
k xk. Then, letting α
κ = (ακ,10, ακ,01) be the
unique solution to the constrained singular symmetric system
Kακ = βκ , (25)∑
k∈S
(
K10k α
κ,10
k +K
01
k α
κ,01
k
)
= 0 , (26)
the volume viscosity is evaluated as
κ =
∑
k∈S
xkα
κ,10
k . (27)
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2.3 Thermal conductivity, thermal diffusion and mass diffusion
To evaluate the thermal conductivity and the transport coefficients related to
thermal and mass diffusion, in the first-order approximation one can consider
the matrix L with block structure L = (Lγδ), the polynomial indices γ and
δ taking values in {00, 10, 01}. The matrix elements of L can be expressed as
follows:
L0000kl = −
xkxl
Dkl
, k 6= l , (28)
L0010kl =
xkxl
2Dkl
mk
mk +ml
(6C∗kl − 5) , k 6= l , (29)
L0001kl =
xkxl
Dkl
R∗lkl , k 6= l , (30)
L00γkk = −
∑
l 6=k
L00γlk , γ ∈ {00, 10, 01} , (31)
L1010kk =
x2k
δk
(
1 +
5
6
E∗k
)
+
∑
l 6=k
xkxl
Dkl
mkml
(mk +ml)2
× (32)
(
15
2
mk
ml
+
25
4
ml
mk
− 3
ml
mk
B∗kl + 4A
∗
kl +
5
3
A∗klE
∗tot
kl
)
, (33)
L1010kl = −
xkxl
Dkl
mkml
(mk +ml)2
(
55
4
− 3B∗kl − 4A
∗
kl −
5
3
A∗klE
∗tot
kl
)
, k 6= l , (34)
L1001kk = −
x2k
δk
E∗k
2
−
∑
l 6=k
xkxl
Dkl
ml
mk +ml
(
mk
ml
A∗kl(E
∗k
kl + E
∗
kl) +
5
2
R∗kkl −N
∗k
kl
)
,
(35)
L1001kl = −
xkxl
Dkl
ml
mk +ml
(
A∗kl(E
∗l
kl + E
∗
kl)−
5
2
R∗lkl +N
∗l
kl
)
, k 6= l , (36)
L0101kk =
x2k
δk
(
3
10
E∗k +W
∗
k
)
+
∑
l 6=k
xkxl
Dkl
(
3
5
mk
ml
A∗klE
∗k
kl +W
∗k
kl
)
, (37)
L0101kl =
xkxl
Dkl
(
3
5
A∗klE
∗
kl −W
∗
kl
)
, k 6= l , (38)
where, for k ∈ S, the quantities δk (dimensions of a diffusion coefficient) are
given by
δk = ηk
3kBT
5pmk
. (39)
The matrix L is symmetric, positive semi-definite, with one-dimensional kernel
spanned by the vector U with components U00k = 1, U
10
k = 0, and U
01
k = 0.
Therefore, the sub-matrix Λ formed by the blocks Lγδ with γ, δ ∈ {10, 01} is
symmetric positive definite.
The thermal conductivity and the thermal diffusion ratios are evaluated from
the solution of the system
Λαλ = βλ , (40)
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with right-hand side βλ,10k =
5
2
xk and β
λ,01
k = (c
int
k /kB)xk. The thermal con-
ductivity is given by
λ =
p
T
∑
k∈S
(
αλ,10k β
λ,10
k + α
λ,01
k β
λ,01
k
)
, (41)
and the thermal diffusion ratios by
χk =
∑
l∈S
(
L0010kl α
λ,10
l + L
0001
kl α
λ,01
l
)
, k ∈ S . (42)
Note that eq. (42) implies
∑
k∈S χk = 0. In the first-order approximation the
diffusion matrix is given by
D =
(
L0000 + aY ⊗ Y
)−1
− bU ⊗ U , (43)
where ⊗ denotes the tensor product, Y = (yk) the mass fraction vector, U
the vector with components Uk = 1, while a and b are positive real numbers
such that ab(
∑
k∈S yk)
2 = 1 (one can take a = b = 1 if the mass fractions sum
up to unity). In the second-order polynomial approximation [6], the Schur
complement of L0000 in L is used in eq. (43).
3 Links with other formalisms
The purpose of this section is to define the cross-section ratios identified in eqs.
(8–10) in terms of both generalized cross-sections and collision integrals. This
provides the link with previous formalisms to evaluate transport coefficients,
developed in refs. [3] and [6], respectively. The link with the macroscopic
quantities introduced in ref. [13] is also briefly discussed.
3.1 Cross-sections
The generalized cross-sections employed here use the basis functions of ref.
[3].
• Pure-species properties (k ∈ S),
E∗k =
cintk
kB
S(0001|k)kk
S(2000|k)kk
, W ∗k =
3
5
cintk
kB
S(1001|k)kk −
1
2
S(0001|k)kk
S(2000|k)kk
.
(44)
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• Symmetric species-pair properties (k, l ∈ S, k 6= l),
A∗kl =
5
3
mk
mk +ml
S(2000|k)kl + S
(
2000|k
2000|l
)
kl
S
(1)
η |kl
, (45)
B∗kl =
55
12
+
50
27
ml
mk+ml
(
3cint
k
2kB
) 1
2
S
(
0001|k
0010|l
)
kl
+ mk
mk+ml
(
3cint
l
2kB
) 1
2
S
(
0010|k
0001|l
)
kl
S
(1)
η |kl
−
20
9
mk
mk +ml
S(2000|k)kl + S
(
2000|k
2000|l
)
kl
S
(1)
η |kl
+
5
3
mk +ml
m
1
2
km
1
2
l
S
(
1010|k
1010|l
)
kl
S
(1)
η |kl
,
(46)
C∗kl =
5
6
−
2
3
(
ml
mk
) 1
2
(
5
2
) 1
2 S
(
1000|k
1010|l
)
kl
S
(1)
η |kl
, (47)
E∗kl = 2
ml
mk +ml
(
cintk
kB
cintl
kB
) 1
2 S
(
0001|k
0001|l
)
kl
S(2000|k)kl + S
(
2000|k
2000|l
)
kl
, (48)
W ∗kl = 2
m
1
2
km
1
2
l
mk +ml
(
cintk
kB
cintl
kB
) 1
2
m
1
2
k
m
1
2
l
mk+ml
S
(
0001|k
0001|l
)
kl
−S
(
1001|k
1001|l
)
kl
S
(1)
η |kl
. (49)
• Non-symmetric species-pair properties (k, l ∈ S, k 6= l),
E∗kkl = 2
ml
mk +ml
cintk
kB
S(0001|k)kl
S(2000|k)kl + S
(
2000|k
2000|l
)
kl
, (50)
W ∗kkl = 2
mk
mk +ml
cintk
kB
S(1001|k)kl −
mk
mk+ml
S(0001|k)kl
S
(1)
η |kl
, (51)
R∗kkl = − 2
m
1
2
km
1
2
l
mk +ml
(
cintk
kB
) 1
2 S
(
1001|k
1000|l
)
kl
S
(1)
η |kl
, (52)
N∗kkl = − 2
(
ml
mk
) 1
2
(
5cintk
2kB
) 1
2
(
5
2
) 1
2 mk
mk+ml
S
(
1001|k
1000|l
)
kl
+ S
(
1001|k
1010|l
)
kl
S
(1)
η |kl
+
10
3
ml
mk +ml
(
3cintk
2kB
) 1
2 S
(
0001|k
0010|l
)
kl
S
(1)
η |kl
. (53)
Owing to the numerous identities satisfied by the generalized cross-sections,
several equivalent expressions can be derived.
10
3.2 Collision integrals
The TLS matrix elements can be also expressed in terms of collision integrals.
Four collision integrals that enter the description, namely Ω
(1,1)
kl , Ω
(1,2)
kl , Ω
(1,3)
kl ,
and Ω
(2,2)
kl [7] reduce to those of Chapman and Cowling [1] and Hirschfelder
et al. [20] for spherical potentials (the relation with the collision integrals of
Maitland et al. is given in ref. [4, p. 299]). To specify the remaining collision
integrals, let [·]kl denote the collision-averaging operator defined in ref. [6,
p. 39], γ the reduced relative velocity, and χ the polar scattering angle. Let
∆ǫkl = ∆ǫk + ∆˜ǫl, ∆ǫk = ǫkK ′ − ǫkK , and ∆˜ǫl = ǫlL′ − ǫlL, where primes
denote values after collision and the superscript ˜ is used to distinguish one
of the collision partners from the other in the case where indices k and l are
the same. The quantities ǫkK denote the reduced species internal energies, the
index K referring to the quantum energy shell.
• Pure-species properties (k ∈ S),
S(2000|k)kk =
8Ω
(2,2)
kk
5ckk
, E∗k =
5
4
[(∆ǫkk)
2]kk
Ω
(2,2)
kk
, W ∗k =
Ω
(1,1)EkEk
kk
Ω
(2,2)
kk
,
(54)
where Ω
(1,1)EkEk
kk = [ǫ
0
kK
(
(ǫ0kK − ǫ
0
kK˜
)γ2 − (ǫ0kK ′ − ǫ
0
kK˜ ′
)γγ′ cosχ
)
]kk and ǫ
0
kK
is a shifted reduced internal energy defined in ref. [6, p. 40].
• Symmetric species-pair properties (k, l ∈ S, k 6= l),
S
(1)
η |kl =
32
3ckl
mkml
(mk +ml)2
Ω
(1,1)
kl , A
∗
kl =
1
2
Ω
(2,2)
kl
Ω
(1,1)
kl
, B∗kl =
1
3
5Ω
(1,2)
kl − Ω
(1,3)
kl
Ω
(1,1)
kl
,
(55)
C∗kl =
1
3
Ω
(1,2)
kl
Ω
(1,1)
kl
, E∗kl =
5
2
[∆ǫk∆ǫl]kl
Ω
(2,2)
kl
, W ∗kl =
Ω
(1,1)EkEl
kl
Ω
(1,1)
kl
, (56)
where Ω
(1,1)EkEl
kl = [ǫ
0
kK(ǫ
0
lLγ
2 − ǫ0lL′γγ
′ cosχ)]kl.
• Non-symmetric species-pair properties (k, l ∈ S, k 6= l),
E∗kkl =
5
2
[(∆ǫk)
2]kl
Ω
(2,2)
kl
, W ∗kkl =
Ω
(1,1)EkEk
kl
Ω
(1,1)
kl
, (57)
R∗kkl =
Ω
(1,1)Ek
kl
Ω
(1,1)
kl
, N∗kkl =
Ω
(1,2)Ek
kl
Ω
(1,1)
kl
, (58)
where Ω
(1,1)Ek
kl = [ǫ
0
kK(γ
2 − γγ′ cosχ)]kl, Ω
(1,2)Ek
kl = [ǫ
0
kK(γ
4 − γ(γ′)3 cosχ)]kl,
and Ω
(1,1)EkEk
kl = [ǫ
0
kK(ǫ
0
kKγ
2 − ǫ0kK ′γγ
′ cosχ)]kl.
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3.3 Macroscopic quantities
In order to analyze experimental transport property data by means of kinetic-
theory expressions one has to compare the resulting predictions with the avail-
able measurements. To facilitate such a comparison, and also to have a more
practical set of equations, it is necessary to work with measurable, or more
readily available, macroscopic quantities [13, 21]. Hence, to allow for such
a link, the ratios introduced in this work are related, within the first-order
approximation, to the macroscopic quantities used previously [12, 13].
• Pure-species properties (k ∈ S),
E∗k =
4
π
cintk
kB
1
Zintk
, W ∗k =
1
2A∗k
cintk
kB
(
Dk
Dint k
)
, (59)
where Zintk is the collision number for the relaxation of internal energy of
molecule k and Dk and Dintk are the self-diffusion coefficient of mass and
of internal energy, respectively, of molecule k. The coefficient A∗k refers to
the pure species property that can be obtained from the pure species equiv-
alent of eq. (15), where the interaction viscosity and the binary diffusion
coefficient are replaced by the pure species viscosity and the self-diffusion
coefficient, respectively.
• Symmetric species-pair properties (k, l ∈ S, k 6= l),
E∗totkl =
4
π
(
cint
k
kB
+
cint
l
kB
+ 2
(
cint
k
kB
) 1
2
(
cint
l
kB
) 1
2
)
1
Ztot int k,l
, W ∗kl =
5
4
(
Dkl
Ddif int k,l
)
,
(60)
where Ztot int k,l is the collision number for the relaxation of the combined
internal energy of molecules k and l. The quantity Ddif int k,l, which is fully
defined in ref. [13, eq.(17)], is a measure of the difference between the diffu-
sion coefficients of the total internal energy of molecules k and l and the sum
of their individual diffusion coefficients of internal energy. The ratio A∗kl has
already been related, by means of eq. (15), to the ratio of the mass-diffusion
coefficient and the interaction viscosity of species k and l, both properties
being experimentally accessible. The other two ratios, B∗kl and C
∗
kl, do not
readily yield to a simple representation in terms of macroscopic observables.
• Non-symmetric species-pair properties (k, l ∈ S, k 6= l),
E∗kkl =
4
pi
cint
k
kB
1
Zintk,l
, W ∗kkl =
cint
k
kB
(
Dkl
Dint k,l
)
, 1
2
R∗kkl −
1
5
N∗kkl = K
∗
kl ,
(61)
where Dint k,l and Zintk,l are the diffusion coefficient and the collision number
for relaxation, respectively, of the internal energy of molecule k in species l.
The quantity K∗kl, defined in ref. [13, eq. (A3)], again does not readily yield
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to a simple representation in terms of macroscopic observables.
4 Discussion
4.1 Relevance of cross-section ratios
As mentioned in the Introduction, the main advantage of the present for-
malism is that the transport properties of multi-component mixtures can be
expressed in terms of a modest number of cross-section ratios and generalized
cross-sections. These ratios are such that they allow for: the easier compari-
son of consistency between different sets of experimental data; the formulation
of universal correlations for their evaluation; the more accurate temperature
extrapolation than has hitherto been possible; the assessment of the non-
sphericity of the intermolecular potential and the easier physical understand-
ing of the dominant processes, especially for thermal conductivity and thermal
diffusion.
The ratios A∗kl, B
∗
kl and C
∗
kl are analogous to those for monatomic gases. They
are non-zero, weakly temperature-dependent and nearly independent of the in-
termolecular potential surface. In the limit of zero internal energy or of a spher-
ical intermolecular potential they tend to the well-known monatomic expres-
sions [4]. Although not directly experimentally accessible, these three ratios
can be obtained with reasonable accuracy from the available corresponding-
states correlations [5, and references therein].
The ratios R∗kkl and N
∗k
kl do not have monatomic analogues and are non-zero
only for polyatomic molecules. All the existing calculations based on atom-
diatom systems [12, 22, 23] indicate that they are small.
The three W ∗ quantities, W ∗k , W
∗
kl and W
∗k
kl , can be interpreted as different
measures of the diffusion of internal energy in a mixture. This concept, orig-
inally proposed by Mason and Monchick and their collaborators [21, 24], is
a useful measure of how the average change of internal energy in a molecu-
lar collision influences the thermal transport properties. Unlike atom-molecule
mixtures, for a collision of two molecules more than one internal energy dif-
fusion coefficient can be defined [13], leading to the introduction of the two
species-pair quantities: W ∗kl and W
∗k
kl .
In the limit of high temperature (zero reduced internal energy), or of a spher-
ical intermolecular potential, the ratios W ∗k and W
∗k
kl tend to
1
2A∗
k
cint
k
kB
and
cint
k
kB
,
respectively, while W ∗kl tends to zero. Hence, the deviations of these quantities
from their limiting values can indicate the importance of the anisotropy of the
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potential in promoting the change in internal energy. The two non-vanishing
W ∗ quantities are in principle accessible to direct measurements, although no
such measurements have been performed to date, even for atom-molecule mix-
tures. As observed values are unavailable, the customary approach is to obtain
these quantities from the analysis of thermal conductivity measurements. So
far this has been done for a number of pure species, see refs. [25, 26] and
references therein.
The three E∗ quantities, E∗k , E
∗
kl and E
∗k
kl , are inversely proportional to the
collision numbers for the relaxation of internal energy, see eqs. (59–61). In
the spherical limit all three collision numbers tend to infinity, and hence the
three E∗ quantities tend to zero. Consequently the size of the E∗ quantities for
non-spherical potentials can be used as a good indication of the importance of
energy exchange for a particular system. The experimental determination of
collision numbers is possible and some sparse data exist [27, 28]. As the heat
capacities of most molecules are easily available, estimation of E∗ quantities
from experimental collision numbers should pose no problems. Nevertheless,
the accuracy of estimating E∗ in this manner may be low as the experimental
uncertainties associated with collision numbers, especially rotational collision
numbers, are usually high.
4.2 Application to multi-component flow simulations
As an illustration of the practical application of the formalism developed here,
a number of issues concerning multi-component flow simulations are discussed.
Of particular interest is the evaluation of multi-component transport coeffi-
cients for use as input in flow-simulation computer packages. Since transport
properties must be evaluated at each grid node, the computational effort re-
quired for an accurate description of multi-component transport phenomena is
substantial, and any reasonable approximation that alleviates the numerical
workload is of interest. Determining the sensitivity of the simulated quan-
tities to the transport properties is of paramount importance and indicates
the level of accuracy required when evaluating the transport coefficients. Al-
though this accuracy is application-dependent, current indications are that
accurate transport properties are necessary in a number of flow simulations.
For instance, in recent laminar and turbulent hydrogen/air flame simulations
it has been observed that accounting for thermal diffusion can have a sizeable
impact on flame properties such as laminar propagation speeds, lean and rich
flammability limits, strain extinction limits, and turbulent flame quenching
[17, 18, 29, 30].
It is readily seen from eqs. (8–10) that for a general mixture of gases containing
nS species, the total number of temperature-dependent functions to be made
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available in a flow simulation code is 3nS + 7nS(nS − 1), with 3nS functions
being pure-species properties and 7nS(nS − 1) being species-pair properties.
In general a combination of approaches is used to evaluate all the necessary
quantities. The required data can be either inferred from experimental mea-
surements, as described in Section 4.1, or obtained from accurate dynamics
calculations, providing the intermolecular potential is known. If neither route
is available then approximate values are employed, based usually on the lim-
iting behaviour of dimensionless quantities as discussed in Section 4.1. In all
cases, the choice is governed by the mixture in question.
To illustrate we briefly discuss a combustion problem where use is currently
made of a database of transport properties. In such problems the number of
species nS can be very large. While hydrogen/air chemistry can be accurately
described by a reaction mechanism involving nS = 9 species, most hydrocar-
bon flames, even the simplest, require reaction mechanisms involving dozens
or even hundreds of species. In this context, the amount of species-pair data
to be generated (which is quadratic in nS) dominates the amount of pure-
species data. It is desirable to evaluate, as much as possible, species-pair data
in terms of pure-species data and universal correlations. Approximations used
in combustion simulations often follow the approach described in ref. [31]. The
ratios A∗kl, B
∗
kl and C
∗
kl are evaluated from species-independent correlations in
terms of the logarithm of a reduced temperature. The temperature scaling fac-
tor depends on a parameter, interpreted very loosely as an average potential
well depth, associated with each binary interaction. The temperature scal-
ing parameters for unlike interactions are usually obtained by combining the
pure species parameters by means of very simple mixing rules, although more
sophisticated rules can be employed for polar interactions. Other approxima-
tions often invoked in reactive flow codes are E∗kl = 0, W
∗
kl = 0, E
∗k
kl = E
∗
k ,
R∗kkl = N
∗k
kl = 0, and W
∗k
kl = c
int
k /kB. Finally, the cross-sections S
(1)
η |kl are
usually inferred from the binary diffusion coefficients for species pairs or from
correlations.
Significant improvements in the values of cross-section ratios currently used
for a number of species of interest in flame modelling are feasible. While a
full quantal description of binary collisions, without dynamical approxima-
tions, generally remains prohibitively expensive, rigorous classical-trajectory
methods for evaluating transport properties, primarily shear viscosities and
thermal conductivities, from a potential-energy surface have been successfully
implemented for simple molecular systems (atoms and/or linear rotors with
linear rotors, see ref. [32]). The H–N2 and H2–H2O systems are currently un-
der investigation by the authors. The diffusion cross-section and cross-section
ratios pertaining to the unlike interaction for the former is being reported
[33] as a first step to enhancing the accuracy of transport coefficients in flame
models.
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